ON THE EXISTENCE OF SIMPLEX SPACES
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ABSTRACT

We give several general theorems to facilitate the construction of exam-
ples of simplex spaces.

Edward Effros in [4] defined a simplex space to be an ordered Banach space
with closed positive cone whose dual is a Kakutani L-space. Much is known
about the structure of such spaces [4, 5, 6, 7, 8, 9, 12]. However, there is a distinct
lack of many interesting examples. This paper provides the first general results
which may help to alleviate this problem.

We give the existence theorems in Section 1. The major result is Theorem 1.2
which contains the following important example as a special case. Let Y be a
compact Hausdorf space and X = {x;|j = 1,2, -} U{z} S Y be a sequence
of distinct points such that limx; = z. Let {y; I j=1,2,..-} and v be measures
on Y with norms bounded by one satisfying:

D p(X)=vX)=0 j=12,-
2) u;—vin the weak* topology.
If X #£ Y, then
V ={feC|f(2) = v(S(x) = p(f),j=1,2,-}
is a non-trivial simplex space with the relative norm and order. Section 2 is de-

voted to two examples.

1. The Existence Theorems
We recall, first, that we call a Banach lattice Ba (Kakutani) L-space if it satisfies

1) “x“ = ” |x| H for all xe B and
2) for all positive x,y€B, u x+y H = ” x H + “ y H
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If Y is a compact Hausdorff space, we let C(Y) be the space of (real) continuous
functions on Y with the natural pointwise order and the supremum norm. Its dual,
C*(Y), is the space of all regular Borel measures on Y [3, IV. 6.3]. If e C¥*(Y),
the norm of u is the total variation of u over Y, i.e.

|l = xlD
= (u" +p7)(Y).
It is clear that C*(Y) is an L-space.

If X is a Borel subset of Y, we let C*(Y;X) be the space of all regular Borel
measures on Y whose total variation on X equals zero. If y € Y, we let 6(p) be the
point mass at y, i.e. 8(y) is that element of C*(Y) which satisfies

s =1
for each f e C(Y).
PROPOSITION 1.1. Let Y be a compact Hausdorff space and X a Borel subset

of Y. Then C*(Y;X) is an L-space. Further, the extreme points of the positive
part of the unit ball of C¥(Y; X) are precisely

6y |yeY - X} J {0}

ProOF. C*(Y;X)is obviously a norm closed subspace of C*(Y).As ue C*(Y; X)
iff | u] e C*(Y; X), C*(Y; X) is a lattice and so is an L-space. Let E be the positive
elements in the unit ball of C*(Y;X) and suppose peE. If yu = $(uy + p1,) with
u; in the positive unit ball of C*(Y), one easily gets p,(X) = p,(X) = 0 and so
w;€E. Thus, E is a face of the positive unit ball of C*(Y). Hence for peE, pis
extreme in E iff y is extreme in the positive unit ball of C*(Y). As the latter is
{6(»)| ye Y} U {0}, the proposition is clear.

We call an ordered Banach space ¥ with closed positive cone a simplex space
if V* is an L-space [4]. We let

P(V)={feV*||f| £ 1, f(x)2 0 for each x = 0}

and EP,(V) be its extreme points. We are now prepared for our main theorem.

THEOREM 1.2. Let Y be a compact Hausdorff space with X a closed subset.

Let x — u, be a weak* continuous map of X into the positive part of the unit ball
of C¥(Y). Let X = X, L_JX2 where

X, = {XEXlﬂx = §(x)}.

We assume:
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1) Foreach xe X, u(X,) = 0.
2) X, #VY

Then

V = {feC(V)|f(x) = uf) for all xe X}
is a non-trivial simplex space with the relative order and norm inherited from
C(Y). Further, V* is isometrically order isomorphic to C*(Y; X,) and so
EP,(V) = {6(|yeY - X} J{0}.

Further, if Y is a metric space, then V is separable.

ProoF. We first note that V is closed in C(Y) and so is a Banach space. Also, it
obviously has a closed positive cone. Using Proposition 1.1, we have only to
show that V 5 {0} and that V* is isometrically order isomorphic to C*(Y;X ).

We first show V 5 {0}. We assume X, # @ with no loss of generality (if it is
empty, add a point from Y — X to X). We then let

Xi = {pe— ()| xe X;}

and

X' =X, (J{0} = {n. ~ o(x)|xe X}.
As the map
(1.1) X = py — 6(x)

is continuous, X’ is weak* compact. Obviously, the map (1.1) is one-to-one from
X, onto X7 . Since X, is closed (it is the inverse image of a point), both X, and
X1 are locally compact. As the map (1.1) is continuous from X to X', it is a proper
map [2, Ch. 1, §10, no. 3, Cor.]. Hence X, is homeomorphic to X} [2, Ch. 1, §10,
no. 1, Prop. 2].
Let Z be the weak* closed convex hull of X’. Then [11, Prop. 1.2] implies that
Z = {ze C*(Y)| There exists a regular Borel probability measure v’
supported by X’ with resultant z}.
Let W be the linear span of Z. Then obviously
W = {weC*(Y) I There exists a bounded regular Borel measure v’
supported by X’ for which w(f) = [x p(f)dv'(p) for each
fecny.

Let we W. Then w(f) = [x-p(f)dv'(p) for some measure v’ on X’'. We shall
write w = r(v’) for this. We now associate with v/ a measure v on X, by the




202 ALAN GLEIT Israel J. Math.,

homeomorphism between it and X . In more detail, if 4 is a Borel set in X,
we let A’ = {p, — 6(x) | x € A}, which is a Borel set in X|. We then define

1.2) v(A) = v'(4").

One easily verifies that v is a regular Borel measure on X .
We explicitly remove the possible atom at 0 from v'; call

W = v = v({0DIO).
Let fe C(Y). Then
w(f) = r()(f)

= j p(f)dv'(p)
X

= f ’p(f)du'(p)
X

= (@) ()

and so w = r(u’). Writing u’ as the limit of finite sums of point measures
l" = hm Z Aa,ié(pa,i)

where p, ; = f,,, — 6(x,,;), we see that

v =lim X4,6(x, ;).

a i

By going to these sums and taking the limits, we get, for each f e C(Y),

w(f) j )

Il

f ) = SN

L (P = ).

As the map x — p, is continuous and X, is locally compact, [10, V, §3, Cor.
to. Prop. 12] yields

w(h) = f . p(R)dv(x) — v(h)

for each positive Borel measurable h. In particular, for Borel B € ¥,
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1.3) w(B) = r(v')(B) = L 1(B)dv(x) — v(B).
Thus, we have also (since p, and v have disjoint supports)
1.3y |w|(B) = Jlex(B)d|v|(x) +|[v](B).
Specializing to Borel 4 & X, we arrive at

(1.4) w(d) = r(vV)(4) = —v(4) = —v'(4')
the latter equality by (1.2) and

(14) |w|(4) = [v](4) = |p']|(4").

Since every Borel set in X is of the form A’ for some Borel 4 in X, we see that
w determines v/ up to a possible atom at 0. Since we saw above that r(v')=r(y’),
w determines uniquely a measure p’ on X' without:an? atom at O such that
(W) = w.

We claim that W is weak* closed. Indeed, it suffices to show that W is norm
closed [3, V. 5.9]. Let {w,} be a norm Cauchy net in W converging to we C*(Y).
Then there are (unique) measures, without atoms at 0, u; on X’ such that
w, = r(u,). Hence,

Il

de — | (XD
. — W] (X1) by (1.4)'

[ we = ws |

| s — mg

!
=

IIA

and so {p,} is norm Cauchy. Since X’ is compact, there is a bounded regular
Borel measure p’ on X’ such that g, — p’. Hence w = r(u’) and so we W.
Obviously, the linear span of X’ is dense in W so that W = V*. We now claim
that W % C*(Y). Indeed, choose ye Y — X,. If 6(y) were in W, it would determine
a (unique) measure on X' with no atom at 0. Call it v'. Then (1.4) implies that
0 = 8(y) (A) = —v'(A’) for each Borel set A’ in Xj. Thus v = 0 and so
8(y) = r(0) = 0. This obvious contradiction shows that W # C*(Y), ie. V 5 {0}.
The dual of V is C*(Y)/W. We claim that each class of C*(Y)/W contains one
and only one member of C*(Y;X,). For let me C*(Y)/W and suppose that
Uy, ftp € m each were in C¥(Y; X ;). Then py — p, = we W N C*(Y; X,). Then w
determines a measure v'on X’ with no atom at 0. Since we C* (Y; X,), w(4) = 0
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for each Borel 4 in X, and so v’ is the zero measure (by (1.4)). Hence, w is the
zero measure and so g, = U,. On the other hand, let e m. We associate to u
a measure ji’ on X7 by restricting u to X, and using the homeomorphism to lift
it to X,. We extend i’ to X’ by giving it no atom at 0. Thus, if A’ is a Borel set
in X’, letting 4 = {XEX1lﬂx— 5(x)e A'}, we have

B(A) = w4).
Since ji’ is a regular Borel measure, r(i’) € W. By (1.4), for each Borel 4 < X,
(u+ r(@NA) = W(4) — g'(4) =0
sop + r(if)eC* (Y;X,). As it also is in the class m, the claim is demonstrated.
u + r(ii") depends only on the class m and not on the particular representative p.
We then may define a map ¢: V* - C*(Y; X,) by
$(m) = p + r(i@)
for each m e V* and any representative pe m.

It is obvious that ¢ is a positive, linear, one-to-one mapping of V* onto

C*(Y;X,). We need only show that ¢ is an isometry to complete the proof.
Let uemeV*. Then

| ¢(m) |

| ¢(m) |(Y)

| p(m)| (Y ~ X))

|+ r@)| (Y - X))

|1 (Y = X + | @) (Y ~ Xy)
but then associating i with i’ by (1.2) and using (1.3)’

IA

= |u](¥ - X)) + fx (Y — X)d| | ()

but obviously i agrees with p on X,
= [u|(¥ - X)) + L Y = X)d || (%)
1

but then since p (Y — X,) = H ,uxH <1 for xeX,,
|uf(¥ — X)) + | u[(Xy)
= |ul(¥)
=[]
Since || m | = inf,.,| 1|, we have [ m| = | ¢(m)].

1A
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We note that unless X, is open, C*(Y — X,) is not weak* closed in C*(Y).
In fact, if {x,} = Y — X, converges to xe X,, then {é(x,)} € C*(¥;X,) con-
verges weak* to d(x) ¢ C*(Y; X,). In V*, the class of d(x,) converges weak* to the
class of u, which is in V*. Thus, V'* is not isomorphic to C*(Y — X,) in the weak*
topology for X, not open.

A possible area of generalization is to relax the requirement that u(X,) = 0
for each x e X,. The only result we have in that direction allows atoms at the
points of X, . As such measures are of doubtful importance, we shall not produce
the long tedious proof and refer the reader to [9, Th. 5.19 and Cor. 5.22].

THeOREM 1.3. Let Y be a compact metric space. Let

X = {lej = 1,2,---}U{z}
be a set of distinct points in Y such that limx; = z. Let {yjlj =1,2,---} and v

be positive measures on Y, with norms bounded by one. Suppose these measures
satisfy the following:

If k is a bounded function on Y which is a pointwise limit of a

a sequence of continuous functions, then
lim p (k) = v(k).
Suppose Y # X. Then
V= {feCM|f() = v(f)f(x) = u,(f),j = 1,2}
with the relative norm and order is a non-trivial separable simplex space.

THEOREM 1.4, Let Y be a compact Hausdorff space and x,,---,xy be
distinct points not exhausting Y. Let py, -+, liy be positive measures with norms
bounded by one. Then

V = {feCV)|f(x)) = pff), j = 1,--,N}
with the relative norm and order is a non-trivial simplex space.
We should like to point out that if

N
Tu{xpPs#1forj=1,---,N,
i=1

then we may fashion a proof of Theorem 1.4 by inverting a system of N linear
equations and then applying Theorem 1.2. We note that [1, Prop. 3] gives the
above result for | ;|| = 1 for each i = 1,---,N. (We thank the referee for this
reference.) Also, the casefor N = 1 was previously established by F. Perdrizet.
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A second possible area of generalization is to relax the requirement that the
map x — p, is weak* continuous. In this vein, we offer the following mild gen-
eralization.

TuEOREM 1.5. Let Y be a compact Hausdorff space. Let

X ={xji =120 {z}
be a set of distinct points in Y such that limx; = z. Let {u;|j = 1,2,--'} and 1
be positive measures on Y, with norms bounded by one. We assume:
) y(X)=0=4X) j=12,--
2) X#Y
3) limp; = 6(z) in the weak* topology.
Then

V= {feC|f() = XN, f(xp) = p(f)j =1}

is a non-trivial simplex space with the relative order and norm. Further, V* is

isometrically order isomorphic to C*(Y; X).

Proor. The proof is virtually identical to that of Theorem 1.2 and we will
only indicate the changes. First,
X' = {uj - 5(x1)|] = 1:2""} U {A’ - 5(2)}

is not compact but
X=X ’U {0}

is. Also, {x;} is homeomorphic to {y; — d(x;)}and W hasthe same form as before.
Let we W and w = r(v") with v" a measure on X". Remove the possible atom at 0
from v”; call the resulting measure p”. Noting the possible atom of y” at the point
2 — (z), we get for each Borel B Y

(1.5) w(B)=Zu"({p;— ()} 1,(B)— 8(x )(B)] + 1" ({A— ()} [A(B) - 6(2)(B)]

instead of (1.3). Using (1.5), we see that each w € W determines uniquely a measure
p” on X” such that w = r(u”) and p” has no atom at 0. Then W is closed and
W s C*(Y) as before. In the identification of ¥* = C*(Y)/W, the only change
is in definition of i” given a measure u on Y. We define

(A - 6(2)}) = p({z})

so j” is now a measure on X”. The remainder of the proof is as before.
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2. Examples

Exampre 2.1, If maxV is compact, max ¥ still may not be locally compact.

This holds even if V is a GC-space [6].
We take V to be

v = {recoallr(4)= ofrw + —nl—f@)) n=2, 3

£0) = 35}

In the notation used in Theorem 1.2, we have X = {0} (J{1/n|n = 2,3,---},
i = 1/26Q1) + (1/n)6(2/3)) and po = 1/26(1). As py)p— pio in morm, V is a
non-trivial separable simplex space with

EP,(V) — (0} = {6(x)[0 <x <1 and x % n=23 )

As
Z={6x0sx=1}

the zero measure is not in Z and so max V is compact [7, Th. 3.2]. Since

@G| xeZ — EP(V)} = {5(1),5(%)}

is finite, V is a GC-space [8, Cor. 9]. Now consider y(6(2/3)). 6(1/n) e Y(6(2/3))
for n = 2,3,---, but §(0) ¢ y(6(2/3)). Since

1im5(l) — 5(0),

n

Y(8(2/3)) is not closed. Hence, max ¥ is not locally compact [7, Th. 2.5 and
Th. 3.3].

ExaMmpLE 2.2. (For the notation and definitions see [6].) We say that a simplex
property P is absolute if closed ideals are P-ideals iff they are themselves P-
spaces. If this is not the case, we say that P is relative. The property C is absolute
(from its very definition) and the property M is relative [6, 7.1]. We shall now
present an example to show that GM is a relative property. In fact, we will con-
struct a separable NM space V with an ideal I such that I is an M-space in
itself.

Let {c,} be a sequence of real numbers, bounded above by one, monotonically
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decreasing to zero. Let ¢ be a one-to-one map of N, the natural numbers, onto
N x N such that

2.1 ¢(t) = (m,n) where if ¢ is odd (even), then m is odd (even).
Let N* be the one-point compactification of N. Let V be

V = {f e C(N* x N¥)|f(c0,j) = 0

Jlt00) = 36(fGn,m)+(m +1,m) ¢ odd
2.2) 1
ft,00) = zclf(m,n) +f(m,n+ 1)) t even
where () = (m,n)}.
In the notation of Theorem 1.2,
X = {(t,o)|t = L3 {0, |t = 1,3 (J {(e0, c0)}.

Then u(tw) is 1/3¢(5,(m,n) +d(m + 1,n)) or 1/3¢(6(m,n)+ d(m,n + 1))

(see (2.2)) and p(o0,t) = p(0,0) = 0. As

utt,0) | < 30

X — p, is norm continuous. Hence V is a separable non-trivial simplex space
with
EP,(V) - {0} = {6(a,b)|a and b finite}.

Let I be the closed ideal which is defined by
I={feV/f(i,j) =0 if i iseven}.
Then using (2.1) and (2.2),

I={feC(N*xN*)|f(oo,j) 0

i

fG,j) = 0if i iseven

f(t,0)

1

%c,f(m, n) for ¢ odd

f(t,00) = 0 for t even
where ¢(t) = (m,n)}.
Since Z(I) lies in the extremal rays of P(I), I is an M-space in its own right.

We claim that V is NM. Indeed, it follows from (2.2) that, letting
E* = EP1(V)— {0}>
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dy(ET) = el(E+) =E".
But then [8, Prop. 5] implies that V' is NM.
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